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Abstract: In his first November 4, 1915 paper Einstein wrote the Lagrangian form of his field 
equations. In the fourth November 25, 1915 paper, Einstein added a trace term of the energy-
momentum tensor on the right-hand side of the generally covariant field equations. The main 
purpose of the present work is to show that in November 4, 1915, Einstein had already 
explored much of the main ingredients that were required for the formulation of the final form 
of the field equations of November 25, 1915. The present work suggests that the idea of 
adding the second-term on the right-hand side of the field equation might have originated in 
reconsideration of the November 4, 1915 field equations. In this regard, the final form of 
Einstein's field equations with the trace term may be linked with his work of November 4, 
1915. The interesting history of the derivation of the final form of the field equations is 
inspired by the exchange of letters between Einstein and Paul Ehrenfest in winter 1916 and by 
Einstein's 1916 derivation of the November 25, 1915 field equations.   
 
 
 
 
 
In 1915, Einstein wrote the vacuum (matter-free) field equations in the form:
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for all systems of coordinates for which  
It is sufficient to note that the left-hand side represents the gravitational field, with g 
the metric tensor field.  
Einstein wrote the field equations in Lagrangian form. The action,
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and the Lagrangian,  
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Using the components of the gravitational field:  
 
 
 
Einstein wrote the variation:  
 
 
 
which gives:
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We now come back to (2), and we have,  
 
Inserting (6) into (7) gives the field equations (1). Hence, the vacuum field equations 
can be written in the form (7).  
On November 4, 1915 Einstein presented the first version of his 1915 general theory 
of relativity, "On the General Theory of Relativity". He wrote the field equations with 
the sources (the energy-momentum tensor, "matter") on the right-hand side of (7):
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In the first November 4, 1915 paper Einstein adopted  1 as a postulate. Hence, 
(8) were not the generally covariant Einstein field equations. A week later, on 
November 11, 1915, in an "Addendum" to the first paper, Einstein dropped this 
postulate and adopted it as a coordinate condition    
Inserting (6) into (8), the November 4, 1915 field equations are 
  
 
Einstein multiplied (8) by with summation over the indices  and and obtained:5 
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He defined the energy tensor of the gravitational field:
  
 
Equation (11) expresses the law of conservation of momentum and energy for the 
gravitational field. The quantities  are the energy components of the gravitational 
field.  
With the second of equations (6), the components of the gravitational field, equation 
(11) may be written as follows,
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Einstein multiplied (9) by g

 and summed over :8 
 
The second term on the left-hand side above is the second term on the right-hand side 
of (12), and so Einstein combined between the two and obtained,
  
 
In a letter to Paul Ehrenfest and later in his 1916 paper, "The Foundation of the 
General Theory of Relativity", Einstein defined:
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Inserting (15) in the November 4, 1915 equation (14), we have, 
 
Einstein rewrote equation (16) in a form valid for matter-free gravitational fields:
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Here the November 4, 1915 postulate is adopted as a coordinate condition  
Einstein was then able to rewrite equation (17) as follows:
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Einstein gave an interpretation of this equation to Ehrenfest,
12  
"This equation is interesting, because it shows that the source of the gravitation lines 
is determined solely by the sum , as indeed it must be expected". 
Compare between equations (16) and (18): 
 
We now see, from the above derivation that, sometime before November 25, 1915, it 
appears as if Einstein added to equation (16) the term: , and this enabled him 
to write equation (18). The added term just mentioned, though more than just and 
additional term, is  "Laue's scalar".
13
 In fact, Einstein wrote Ehrenfest about 
the "'inevitability' requirement for the additional term – 1/2 gimT".
14
  
Taking into account (17) and (1) and multiplying (18) by g leads to the field 
equations of November 25, 1915 valid for a coordinate system :
15
  
 
On November 28, 1915, Einstein wrote Arnold Sommerfeld about the theory which 
can be simplified by:
16
 "choosing the frame of reference so that .
 
Then the 
equations take on the form, 
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I had considered these equations with [Marcel] Grossman already 3 years ago, up to 
the second term on the right-hand side".  
"These equations […] up to the second term on the right-hand side" are equations (9) 
of the November 4, 1915 paper. 
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